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Abstract

In this paper, by using norms (t-norm T and s-norm S), the notion of intuitionistic fuzzy subgroups on direct product of
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1. Introduction

In mathematics and abstract algebra, group theory studies the algebraic structures known as groups.
The concept of a group is central to abstract algebra: other well-known algebraic structures, such as rings,
fields, and vector spaces, can all be seen as groups endowed with additional operations and axioms. Groups
recur throughout mathematics, and the methods of group theory have influenced many parts of algebra.
Linear algebraic groups and Lie groups are two branches of group theory that have experienced advances
and have become subject areas in their own right. In classical set theory, the membership of elements in
a set is assessed in binary terms according to a bivalent condition an element either belongs or does not
belong to the set. By contrast, fuzzy set theory permits the gradual assessment of the membership of
elements in a set; this is described with the aid of a membership function valued in the real unit interval
[0, 1]. Fuzzy sets generalize classical sets, since the indicator functions (aka characteristic functions) of
classical sets are special cases of the membership functions of fuzzy sets, if the latter only take values 0
or 1. In fuzzy set theory, classical bivalent sets are usually called crisp sets. The fuzzy set theory can be
used in a wide range of domains in which information is incomplete or imprecise, such as bioinformatics.
In 1965, Zadeh [24] introduced the notion of fuzzy sets. In 1971, Rosenfled [22] introduced fuzzy sets in
the realm of group theory and formulated the concepts of fuzzy subgroups of a group. The concept of
intuitionistic fuzzy set was introduced by Atanassov [3], as a generalization of the notion of fuzzy set. Zhan
and Tan [25] defined intuitionistic fuzzy subgroup as a generalization of Rosenfeld’s fuzzy subgroup. In
mathematics, a t-norm (also T-norm or, unabbreviated, triangular norm) is a kind of binary operation used
in the framework of probabilistic metric spaces and in multi-valued logic, specifically in fuzzy logic. A
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t-norm generalizes intersection in a lattice and conjunction in logic. The name triangular norm refers to the
fact that in the framework of probabilistic metric spaces t-norms are used to generalize triangle inequality
of ordinary metric spaces. T-conorms (also called S-norms) are dual to t-norms under the order-reversing
operation which assigns 1 —x to x on [0, 1]. Some authors considered the fuzzy subgroups with respect to a
t-norm and gave some results [1, 2, 23]. The author by using norms, investigated some properties of fuzzy
algebraic structures [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. In this paper, we define the notion
of intuitionistic fuzzy subgroups on direct product of groups under norms (t-norm T and s-norm S) and
investigate some properties of them. Later, we define the composion, inverse and intersection of them and
obtain some results about them. Also we introduce the normality of them and give characterizations about
them. Finally, under group homomorphisms, we investigate image and pre image of them and provide some
results.

2. Preliminaries
This section contains some basic definitions and preliminary results which will be needed in the sequel.

Definition 2.1. (See [6]) Let H and K be groups. On the cartesian product H x K, we define a binary operation
by declaring (h, k)(hy, k1) = (hhy, kkq) for all (h,k), (hy,k1) € H x K. With respect to this operation, H x K
is agroup.

Definition 2.2. (See [7]) Let X be a nonempty set. A fuzzy subset of X, we mean a function from X into
[0, 1].

Definition 2.3. (See [3]) For sets X, Y and Z, f = (f1,f2) : X — Y x Z is called a complex mapping if f; : X — Y
and fo : X — Z are mappings.

Definition 2.4. (See [3]) Let X be a nonempty set. A complex mapping A = (na,va): X — [0,1] x [0,1] is
called an intuitionistic fuzzy set (in short, IFS) in X if pa +va < 1 where the mappings pa : X — [0, 1]
and va : X — [0,1] denote the degree of membership (namely pa(x)) and the degree of non-membership
(namely va(x)) for each x € X to A, respectively. In particular 0. and 1. denote the intuitionistic fuzzy
empty set and intuitionistic fuzzy whole set in X defined by 0-(x) = (0,1) and 1.(x) = (1,0), respectively.
We will denote the set of all IFSs in X as IFS(X).

Definition 2.5. (See [4]) Let X be a nonempty set and let A = (na,va) and B = (ug,vg) be IFSs in X.
Then

(1) ACBiff ua < pp and va > vg.

(2) A=Biff ACBand B C A.

Definition 2.6. (See [5]) A t-norm T is a function T : [0, 1] x [0, 1] — [0, 1] having the following four properties:
(T1) T(x,1) = x (neutral element),

(T2) T(x,y) < T(x,z) if y < z (monotonicity),

(T3) T(x,y) = T(y,x) (commutativity),

(T4) T(x,T(y,z)) = T(T(x,y),z) (associativity),

for all x,y,z € [0, 1].

(
(y
)

It is clear that if x; > x5 and y; = yo, then T(x1,y1) = T(x2,yo).

Example 2.7. (See [5]) (1) Standard intersection t-norm Ty (x,y) = min{x, y}.
(2) Bounded sum t-norm Ty, (x,y) = max{0,x +y —1}.
(3) algebraic product t-norm T, (x,y) = xy.
(4) Drastic t-norm
y ifx=1
Tox,y)=<¢ x ify=1
0 otherwise.



R. Rasuli, Commun. Combin., Cryptogr. & Computer Sci., 1 (2023), 39-54 41

(5) Nilpotent minimum t-norm

min{x,y} ifx+y>1

Tam(x,y) = { 0 otherwise.

(6) Hamacher product t-norm

0 ifx=y=0

otherwise.

TH() (X7 U) = { Xy
X+y—xy

The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise largest t-norm:
To(x,y) < T(x,y) < Tin(x,y) for all x,y € [0, 1].

Recall that t-norm T will be idempotent if for all x € [0, 1] we have T(x,x) = x.

Definition 2.8. (See [5]) An s-norm S is a function S : [0,1] x [0,1] — [0,1] having the following four
properties:

(1) S(X70) =X,

(2) S(x,y) < S(x,2)
(3) S(ny) = S(U7X)7
(4) S(x,S(y,2)) =S(S(x,y),2) ,
for all x,y,z € [0, 1].

ify <z,

We say that S is idempotent if for all x € [0, 1],S(x, x) = x.

Example 2.9. (See [5]) The basic s-norms are
Sm(xvy) = maX{X7U}a

Sb(xay) = mln{17X+U}

and
Sp(x,y) =x+y—xy

for all x,y € [0, 1].
Sm is standard union, Sy is bounded sum, S} is algebraic sum.

Lemma 2.10. (See [1]) Let T be a t-norm and S be an s-norm. Then
T(T(Xa y)a T(Wa Z)) = T(T(Xa W)a T(yv Z))a
and
S(S(x,y), S(w,z)) = S(S(x,w), S(y,z)),
for all x,y,w,z € [0, 1].

Definition 2.11. (See [8]) Let A = (nua,va) € IFS(X) and B = (up,vp) € IFS(X). Define intesection A and
B as

ANB = (na,va) N (1B, v8) = (LANB, VANB)
such that pang(x) = T(pa (x), u(x)) and vanp(x) = S(va(x), ve(y)) for all x € X.
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Definition 2.12. (See [8]) Let Let ¢ be a function from set X into set Y such that A = (pa,va) and
B = (uB, vg) be two intuitionistic fuzzy sets in X and Y respectively.

For all x € X,y €Y, we define @(A) = (@(pa), ©(va)): Y — [0,1] x [0,1]

with

e(A)y) = (e(ra)y), e(va)ly))

_ { (sup{pa(x) [ x € X, @(x) =y}, inflva(x) [x € X, @(x) =y}) if o 1(y) #0
(0,1) f o t(y)=0

Also we define @ 1(B) = (¢ ' (ug), @ ' (vg)) : X = [0,1] x [0,1] as

@ '(B)(x) = (@ Hup)(x), 0 (vB)(x)) = (B (@(x)), VB (@(x))).

3. Main results

Definition 3.1. Let G; and G2 be two groups. An A = (na,va) € IFS(G1 x Ga2) is said to be an intuitionistic
fuzzy subgroup on direct product of G; x Gg with respect to norms( t-norm T and s-norm S) if

(1) A(x1,%2)(y1,Y2)) 2 (T(ra (x1,%2), 1A (Y1,Y2)), S(VA (X1, %2), VA (Y1,Y2))),

(2) Alx1,x2)71) 2 A(x1,x2),

for all (x1,%2), (Y1,Y2) € G1 x Ga. Denote by IFSDPN(G; x G2), the set of all intuitionistic fuzzy subgroups
on direct product of G; x G2 with respect to norms( t-norm T and s-norm S).

Remark 3.2. Conditions (1) and (2) of Definition 3.1 are equivalent to following conditions:
(1) pallx1,x2)(y1,y2)) = T(ra(x1,%x2), A (Y1,Y2)),

(2) ma(x1,x2) 7! > pa(x1,x2),

(3)vallx1,x2)(y1,y2)) < S(valxi,x2),valy1,y2)),

(4) valx1,x2) 7t < val(xi,x2),

for all (Xl,XQ), (yl,yg) € Gy x Go.

Example 3.3. Let Zs = {0,1}, Z3 = {0, 1, 2} be two additive groups. Then
Zy x Z3 ={(0,0),(0,1),(0,2),(1,0), (1,1), (1,2)}.

Define fuzzy set A = (ua,Va): Zo X Z3 — [0,1] by

0.45 if (x,y) = (0,0)
) 025 if (x,y) =(1,0)
MADGY) =9 030 if (x.y) = (0.1) = (0,2)
0.65 if (x,y) = (1,1) = (1,2)
and
0.35 if (x,y) = (0,0)
~ ) 0.65 if (x,y) =(1,0)
VADSY) =9 050 i (xoy) = (0.1) = (0,2)
0.15 if (x,y) = (I,1) = (1,2)
for all (x,y) € Za x Z3. Let T(a,b) = Ty(a,b) = ab and S(a,b) = S,(a,b) = a+b —ab for all

a,be [0, 1]. Then A = (}LA,VA) € IFSDPN(ZQ X Zg).

Lemma 3.4. Let A = (ua,va) € IFS(G x G) such that G is finite group and T and S be idempotent. If
A = (pa,va) satisfies condition (1) of Definition 3.1, then A = (na,va) € IFSDPN(G x G).
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Proof. As G is finite so we have an (x,y) € G x G such that (x,y) # (e, e) and (x,y) has finite order, say

n > 1 then (x,y)™ = (e,e) and (x,y)~! = (x,y)™!. Now by using (1) repeatedly, we get that

(v 2 (% y)
HA((va)n_Q)a HA(X)U))
HA(X)UL HA(X7‘J)7 seey HA((va))

n—1

A

= HA (X) Yy ) .
Also

valxy) Tt =valxy

v
=vall,y)™2(x,y)) < (valx,y)
Svalx,y), valx,y), ..., val(x,y))

n—1

)n—l

n—2

aVA(Xay))

:VA(Xay)'
Thus
A(Xay)_l = (MA(va)_1>VA(Xay)—1) 2 (MA(va)va(xvy)) = A(va)
and so A = (ua,va) € IFSDPN(G x G).

O]

Proposition 3.5. Let A = (ua,va) € IFSDPN(G x G) and T and S be idempotent.Then for all (x,y) € G x G,

andn > 1,

(1) Ale,e) 2 Alx,y);
(2) Alx,y)™ 2 Alx,y);
(3> A(va) = A(X,U)_1~

Proof. Let (x,y) € Gx G and n > 1.

(1)

uA(eae) = HA((X’H)(Xay)il) Z T(HA(Xay)a HA(va)il) = T(HA(X7y)7 }’LA(Xay)) = HA(Xay)

and
VA(C, e) = VA((X7U)(X79)_1) < S(VA(X7U)7VA((Xay)_1)) < S(VA(X71J)7VA(X7U)) = VA(X7U)
and then
Ale,e) = (nale,e),vale,e)) 2 (Ha(x,y), va(x,y)) = Alx,y).

(2)

HA(XJJ)“ = HA((va)(va)“-(va)) > T(HA(Xay)) HA(X’y)w"’ HA(X7y)) = HA(va)
and

VA(Xay)n = VA((X7y)(X7y)"‘(X7y)) < S(VA(X7U)7VA(X7U)7 "'7VA(X7U)) = VA(Xay)
and thus

A(xay)n = (HA(X,U)nﬂ/A(X,U)n) 2 (HA(Xay)va(va)) = A(va)
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(3) As
rA(%Y) = pa((6y) ™) > palxy) ! > palx,y)
va(x,y) =vallxy) ) <valxy) T < valxy) = valx,y) !

1

so ta(x,y) = ua(x~ 1) and va(x,y) = va(x,y) ! and therefore

A(X7U) = (H’A(va)avA(va)) = (MA(Xay)_l)vA(X>U)_1) = A(Xay)_l'
O

Proposition 3.6. Let A = (na,va) € IFSDPN(G x G) and T and S be idempotent. Then A((x,y)(z,t)) =
A(z,t) if and only if A(x,y) = A(e,e) for all (x,y),(z,t) € G X G.

Proof. Let A((x,y)(z,t)) = A(z,t) for all (x,y),(z,t) € G x G. If we let (z,t) = (e, e), then we get that
A(x,y) =Al(e,e).

Conversely, suppose that A(x,y) = A(e,e) so from Proposition 3.5 (part 1) we get that A(x,y) 2 A(z,t)
and A(x,y) 2 A((x,y)(z,t)) which mean that pa(x,y) > na(z,t) and pa(x,y) > pallx,y)(z,t)) and
Va(x,y) < val(z,t) and va(x,y) < val(x,y)(z,t)). Then

A ((x,Y)(z,1) = T(ra(x,y), nalz,t))
> T(ua(z, t), palz, t))
= ual(z,t)
= pa((xy) ' (x,y)(z, 1)
= T(pa(x,y), pal(x,y)(z, 1))
> T(ea((x,y)(z, 1), nal(x,y)(z,1)))
= pal(x,y)(z,t))
and so
A (%, y)(z, 1) = nal(z, t) (a)
Also
val(x,y)(z, 1)) < S(va(x,y),valz,t))
<S(valz, t),valz,t))
=va(z,t)
=vallx,y) ' (x,y)(z,1)
< S(va(x,y), val(x,y)(z,t)))
< S(vallxy)(z, 1), vallx,y)(z, 1))
=vallx,y)(z,t))
and so
val(x,y)(z, 1)) = val(z,t). (b)
Thus

Al(x,y)(z, 1) = (a((x y)(z, 1), val(x, y)(z, 1)) = (na(z, 1), va(z, 1)) = Az, t).
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Definition 3.7. Let A = (ua,va) € IFS(G x G) and B = (ug, vg) € IFS(G x G). We define the composion
of A and B as AoB € IFS(G x G) such that for all (x,y) € G x G we have

(AOB)(X7U) = ((uA,VA) © (HB7VB))(X,U) = (HAOB(X7H)7VAOB(X7H))

such that

B Sllp(X’ )=(z,t)(m,n) T((I"LA(ZW t)a I"LA(mv Tl)) if (XJJ) =1z
HAG0B (Xay) - { Y ¢ 0 if (X,y) 7& (Zat)(mu TL)

and

_ | mxy)—z 0 mm) S{valz t), valm,n)) if (x,y) = (z,t)(m,n)
VaoB(X,Y) = { Y ‘ 0 if (x,y) # (z,t)(m,n).

Proposition 3.8. Let A=l = (uj\l,vxl) € IFS(G x G) be the inverse of A = (ua,va) € IFS(G x G) such
that for all (x,y) € G x G and

A_l(xvy) = (HRI(X,U),VRI(X,U)) = (HA(va)_lavA(Xay)_l) = A(Xﬂj)_l-

Let T and S be idempotent then A € IFSDPN(G x G) if and only if A satisfies the following conditions:
(1) AcA CA;

(2) A7l =A.

Proof. Let (x,y),(z,t),(m,n) € G x G such that (x,y) = (z,t)(m,n).

If A= (ua,va) € IFSDPN(G x G), then

A (x,y) = pallz, t)(m,n)) = T(ra(z,t), ba(m,n)) = paoca(x,Y)

and
va(x,y) = vallz, t)(m,n)) < S(valz, t), va(m,n)) = vaoa(x,y)
which yield
(Ao A)(x,Y) = (Raoa (X, Y), Vaoa (X, Y)) C (Ha(x,y), VA (X, y)) = A(x,y)
and then Ao A C A.

Also A=! = A comes from Proposition 3.5 (part3).
Conversely, let Ao A C A and A l=A AsAocA CA so

ua((z,t)(m,n)) = ua(x,y)
2 HAcA (X,U)

= sup T(pa(z,t), na(m,n))
(x,y)=(z,t)(m,n)

P T(H’A(Zat)) p’A(ma TL))

and

vallz, t)(m,n)) =valx,y)
< Vaoa(x,y)

= inf S(VA (th),VA (man))
(x,y)=(z,t)(mn)

< S(VA(Za t)a VA(mv Tl))
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which mean that
Allz,t)(m,n)) = (pa((z, t)(m,n)), val(z, t)(m,n)))
2 (T(HA(Za t)a HA(m) Tl.)), S(VA (Z7 t)7 VA(m7 Tl))) (a)
As A7l =A so
A(XJJ) = (HA(X7U)7VA(X7U)) = (HRI(X,U),VRI(X,U)) = Ail(xay)' (b)
Therefore from (a) and (b) we get that A € IFSDPN(G x G). O

Corollary 3.9. Let A = (ua,va) € IFSDPN(G x G) and B = (ug,vg) € IFSDPN(G x G) and G be

commutative group. Then A oB € IFSDPN(G x G) if and only if Ac B =BoA.

Proof. If A,B,AoB € IFSDPN(G x G), then from Proposition 3.8 we get that A~! = A,B~! = B and

(BoA) '=BoA.Now AoB=A"1oB ' =(BoA)"' =BoA.
Conversely, since AoB = Bo A we have

(AoB) ' =(BoA) !=A"1oB!=A0B.

Also

(AoB)o(AoB)=Ao(BoA)oB=Ao(AoB)oB=(AocA)o(BoB)C AoB.

Now Proposition 3.8 gives us that A oB € IFSDPN(G x G).

O

Proposition 3.10. Let A = (ua,va) € IFSDPN(G x G) and B = (ug,vg) € IFSDPN(G x G). Then ANB =

(LanB; VAnB) € IFSDPN(G x G).
Proof. Let (x,y),(z,t) € G x G. Then

ans((x,Y)(z, 1)) = T(ra ((x,y)(z, 1), u ((x,y)(2, 1))
= T(T(pa (%, y), ra(z, 1), T(ke (%, Y), uB (2, 1))
=T(T(ua(x,y), w8 (x,Y)), T(Ha(z, 1), up(2z,t)))  (Lemma 2.10)
= T(uans (%, Y), kanB(z,1))

and

vane((x,y)(z, 1)) = S(val(x,y)(z, 1)), v ((x,y)(z,1)))
<S(S(val(x,y),valz, 1), S(ve(x,y), ve(z, 1))
=S5(S(va(x,y),v8(x,Y)),S(valz, t),ve(z,t))) (Lemma 2.10)
=S(vane(x,Y),vang(z,t))

which mean that

(ANB)((x,y)(z,1)) = (hanB((x,Y)(z,1)), vAnB ((X,Yy)(2,1)))
2 (T(uanB (X%, Y), HanB (2, 1)), S(VAnB (X, Y), VAnB (2, 1))).

Also

bane (%)) = Tlra((xy) ™), me((x,y) 1) = T(RA (X, Y), 1B (X, 1)) = HAnE (X, Y)
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and
‘VAQB((X79)71) = S(VA((XJJ)il)aVB((XﬂJ)il)) < S(VA(ny),VB(XaU)) = VAOB(X)y)
SO
(AQB)((Xay)il) = (HAOB((XJJ)il)aVAHB((xvy)il)) 2 (HAHB(va)avAﬂB (Xay)) = (AQB)(XJJ)
Thus ANB = (uang, vang) € IFSDPN(G x G). O

Corollary 3.11. Let In ={1,2,...,n}. If {A; = (na,, va,) |1 € I} CIFSDPN(G x G). Then
A =Nje1, A1 € IFSDPN(G x G).

Definition 3.12. We say that A = (pa,va) € IFSDPN(G x G) is normal if for all (x,y),(z,t) € G x G
we have that A((x,y)(z,t)(x,y)™!) = A(z,t). Also we denote by NIFSDPN(G x G) the set of all normal
intuitionistic fuzzy subgroups on direct product of G; x Gg with respect to norms( t-norm T and s-norm S).

Proposition 3.13. Let A = (ua,va) € NIFSDPN(G x G) and B = (ug,vg) € NIFSDPN(G x G). Then
ANB = (uans,vane) € NIFSDPN(G x G).

Proof. As Proposition 3.10 we have that ANB = (uang, Vans) € IFSDPN(G x G). Let (x,y), (z,t) € Gx G
then

rane (6 Y)(z, )06, y) ™) = T(ra (%, 9) (2, ) (%, y) 1), ue ((x, y) (z, 1) (x, y) 1)
=T(ra(z, t), up(z, 1))
= pans(z,t)

and

Vare (6 Y)(z, )6 y) ) = S(val(x,y) (2, ) (xy) 1), v ((x,y)(z, 1) (x,y) 1)
= S(VA(Za t)7VB (Zat))

=vang(z,t)

and thus

(ANB)((xy)(z 1) xy) ") = (rans((xY)(z ) (xy) "), vans ((x,y)(z,t) (x,y) 1)
= (H’AﬁB (Zat)avAﬁB (Z)t))
=(ANB)(z,1).

Therefore ANB = (Lang, vans) € NIFSDPN(G x G). O
Corollary 3.14. Let In ={1,2,..,n}. If {A; = (pa,, va,) |1 € I} € NIFSDPN(G x G). Then
A =Nie1, i € NIFSDPN(G x G).

Definition 3.15. Let A = (ua,va) € IFSDPN(G x G) and B = (ug,vg) € IFSDPN(G x G) such that A C B.
Then A is called normal in B, written A » B, if for all (x,y),(z,t) € G x G we have

A Y) (2,8 06y) ™) = (ka6 Yz, )06 y) ), vallx, y)(z, 1) (x,y) )
2 (T(HA(Z‘at)7HB(va))aS(VA(Zat)va(X7y)))'
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Proposition 3.16. If T and S be idempotent, then every intuitionistic fuzzy subgroup on direct product of
G x G with respect to norms( t-norm T and s-norm §) is normal fuzzy subgroup in itself.

Proof. Let A = (ua,va) € IFSDPN(G x G) and (x,y),(z,t) € G X G then

pa (6 y)(z, ) y) 71 = T(ra((x,y) (2, 1), ma((x,y) ™)
(T(ra (%, y), ra(z, 1), kA (X, Y))
=T(T(ra(z,t), pa(x,y)), ka(x,y
(a(z, 1), T(ra(x,Y), pa (X, Y)
(

z,t), ua(x,y))

and

S(valxy),valx™)
S(Sva(x), valy)), va(x))

=35(S(valz, 1), valx,y)), valx,y))
S( ), S(va(x,y), valx, y)))
Stvalz, t), valx,y)).

Thus

Al Y)(z, 1) (%, y) ) = (ma (%, Y) (2, 1) (%, y) 1), va((x,y)(z, 1) (x,y) 1)
2 (T(ua(z, 1), ma(x,y)),S(valz, t), v (x,Y)))
so A = (1A, va) > A= (1A, VA). O

Proposition 3.17. Let A = (ua,va) € NIFSDPN(G x G) and B = (ug,vg) € IFSDPN(G x G) such that T
and S be idempotent. Then AN B » B.

Proof. By Proposition 3.10 we get that ANB € I[FSDPN(G x G). Let (x,y),(z,t) € G x G then

A (06 Y) (2, 1) (6 y) ™), we (%, y) (2,8 (x,y) )
), s (%, y) (2, 1) (%, y) ™)

), Tl (%, y)(z, 1)), e (6, y) 1)
), T(T(ue (x,y), (2, 1), uB(x,y)))
), T )
), T

uare (Y (z, )y H =T

B(z,t), T(us (x,y), uB(x,Y))))
ug(z,t), u(x,y)))
B(z,1)), uB(x,y))

and
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vane((xY)(z, ) (x,y) ) = S(val(x,y)(z, ) (x,y) ), ve((x,y)(z, 1) (x,y) )

=S(valz, 1), ve((x,y)(z, t)(x,y) "))
< S(valz, 1), S(ve((x,y)(z, 1), ve((x,y) ")
< S(valz, 1), S(S(ve(x,Y), vB(2, 1)), vB (X, Y)))
= S(valz,t),S(ve(z,1),S(vB(x,y), vB(X,Y))))
= S(val(z,t),S(ve(z,1),vB(x,y)))
=S5(S(val(z, t),ve(z, 1)), ve(x,Y))
=S(vans(z, t), v (x,y))

and thus

(ANB)(xyx ') = (rane (xyx 1), vans (xyx 1))
2 (T(rans(z, 1), u(%,Y)), S(vans(z, 1), vB (X%, Yy)))
which means that ANB » B. O

Proposition 3.18. Let A = (ua,va) € IFSDPN(G x G) and B = (ug,vg) € IFSDPN(G x G) and C =
(uc,ve) € IFSDPN(G x G) such that T and S be idempotent. If A » C and B » C, then ANB » C.

Proof. As Proposition 3.10 we will have that ANB € IFSDPN(G x G). Let (x,y),(z,t) € G X G then
e ((x,9)(z, ) (x,y) 1)
), T(ks(z, ),

ans (%, y)(z, 1) (x,y) ™) )
)
), Tlue(x,y),
)
)

ne(xy)))
e (xy)))

)

e (x,y))

and

), ve (Y2t y) ™)
), S(ve(z,1),vel(x,y)))

), S(ve(xy),velx,y)))
), ve(x,y))
)

vans (6, y)(z, ) (x, y) )

w

and therefore

= (mane (%Y (z, (%, y) "), vans((x,y)(z, 1) (x,y) 1)
2 (T(HAHB (th)v HC(X;U)% S(VAHB (th)vv(:(xvy)))

and then ANB » C. O

(ANB)((x,y)(z, ) (x,y) )

Corollary 3.19. Let I, = {1,2,...,n} and {A; = (ua,,VA,) |1 € In} € IFSDPN(G x G) such that {A; =
(L’LAUVA‘I) |1€ ITL} > B = (I"LvaB)' Then

A =Nier, Ai » B = (ug,vB).
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Proposition 3.20. Let A = (ua,Vva) € IFSDPN(G x G) and H x H be a group. Suppose that ¢ : G x G —
H x H be a homomorphism. Then @(A) € IFSDPN(H x H).

Proof. Let (uy,u2),(vi,v2) € Hx H and (x1,%x2),(y1,y2) € G x G such that (uj,u2) = @(x1,x2) and
(vi,v2) = ©(y1,Y2) and ¢(A) = (@(pa), ¢(va)). Now

e (pa)((ur, u2)(vi,ve)) = sup{pa ((x1,x2) (y1,y2)) | (w1, u2) = @(x1,%2), (v1,v2) = @(y1,yY2)}
= sup{T (1A (x1,%2), A (Y1,Y2)) | (w1, u2) = @(x1,%2), (v1,v2) = @(y1,Y2)}
= T(sup{pa (x1,x2)[(wr,12) = @(x1,x2)}, sup{ua (y1,y2)l(vi, v2) = ©(y1,y2)})
= T(@(ra)(ur, uz), @(ra)(vi,v2))

and thus
@ (pa)((u,ug)(vi,vo)) = T(@(pa)(ur, u2), @(pna)(vi,v2)). (1)

Also

e(va)((ur,uz)(vi,ve)) = inf{va ((x1,%2) (Y1, Y2)) | (w1, u2) = @(x1,%2), (v1,v2) = @©(y1,Y2)}
< inf{S(va(x1,%2), va(y1,y2)) | (ur,uz) = @(x1,%x2), (vi,v2) = @(y1,y2)}
= S(inf{va (x1,x2)[(u1,u2) = @(x1,x2)}, inf{va (y1,y2)l(v1,v2) = ©(y1,y2)})
=S(@(va)(ur,u2), @(va)(vi, va))

and so
o(va)((ur,uz)(vi,v2)) < S(@(va)(ug, uz), @(va)(vi,v2)). (2)
Since
@A) ((ur, u2) ™) = sup{pa ((x1,%2) 1) | (ur,u2) ! = @((x1,x2) 1)}
= sup{pa ((x1,%2) ) | (u,u2) ™' = @ 1 (x1,%2)}
> sup{pa (x1,%x2) | (w1, u2) = @(x1,%2)}
= @ (pa)(ur, us)
and then
@A) ((u,u2) ™) = @(pa)(u,uz).  (3)
Finally
@(va)((ur,ue) ™) = inflva ((x1,%2) 1) | (w1, u2) ™ = @((x1,%2) )}
= inf{va ((x1,x2) 1) | (W, u2) ' = @ (x1,x2)}
<inf{va (x1,x2) | (ur, u2) = @(x1,x2)}
= @(va)(ur, ug)
and thus

e(va)((u,u2) ™) < @(va)(w,ue).  (4)
H)

Therefore (1)-(4) give us that @(A) € IFSDPN(H x O

Proposition 3.21. Let H x H be a group and B = (ug,vg) € IFSDPN(H x H). Suppose that ¢ : G x G —
H x H is a homomorphism. Then ¢ ' (B) € IFSDPN(G x G).
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Proof. Let (x1,x2), (y1,y2) € G x G and ¢ '(B) = (¢ ' (ug), 9 ' (ve)) = (1B (¢), vE(¢). Now

NV 1
4 4 F F

@ ) ((x1,%2) (Y1, Y2)) = pe(@((x1,%2)(y1,Y2)))
(@(x1,%2)0(y1,Y2))
uB(@(x1,%2)), uB(@(y1,Y2)))
—1
(1

(0 B)(x1,%2), @ (1) (Y1,Y2))

os]

thus
@ (B ((x1,%2)(y1,Y2)) = Tl (up)(x1,%2), @ (1) (y1,y2)). (1)

<P_1(VB)((X1,X2)(91792)) = v (e((x1,%2)(y1,Y2)))
= vp(e(x1,x2)9(y1,Y2))
< S(ve(@(x1,%2)), v (@(Y1,Y2)))
=S(@ ' (ve)(x1,x2), @ '(vB)(Y1,y2))

thus
@ H(ve)((x1,%2) (Y1,Y2)) < Sl@ Hve)(x1,x2), @ *(vE) (Y1, y2)).  (2)
Also

@ H(up)(x1,x2) = pp(@(x1,%2) 1) = up (@ (x1,%2)) = pp(@(x1,%2)) = @ (1) (x1,%2)

and then
@ Hus)(x1,x2) ' = @ (up) (x1,%2). (3)
As
@ M (ve)(x1,x2) Tt = vB(@(x1,%2) ) = vB(@ " (x1,%2)) < vB(@(x1,%2)) = @' (V) (x1,%2)
and then
@ H(ve)(x1,x2) Tt < @ M (ve)(x1,x2). (4)
Therefore from (1)-(4) we get that @ 1(B) € IFSDPN(G x G). O]

Proposition 3.22. Let A = (na,va) € NIFSDPN(G x G) and H be a group. Suppose that ¢ : G x G —
H x H be a homomorphism. Then ¢@(A) € NIFSDPN(H x H).

Proof. By Proposition 3.20 we get that @(A) € IFSDPN(H x H). Let (x1,x2), (y1,y2) € H x H such that
@ (ur,up) = (x1,x2) and @(wi,wa) = (y1,y2) with (ug,uz), (w1, w2) € G x G. Then
@ (A ((x1,%x2) (Y1, y2) (x1,x2) 1)) = sup{pa (Wi, wa) | (Wi, wa) € G X G, @(wi,wa) = (x1,%2)(y1,Y2) (x1,x2) '}
= sup{pa (Wi, w2) | (Wi, w2) € G x G, @(wi,wa) = @(ur, uz)@(wi, wa)@((ug, ug) 1)}
sup{pa (Wi, wa) | (Wi, ws) € G x G, (w1, wa) = @((ug, uz)(wi, wa)(ur,uz) 1)}
sup{pa (w1, u2) (wi, wa)(ur, uz) 1) | (wi,wa) € G x G, @((ug, ug)(wi, wa)(ur, u2) ) = (y1,y2)}
(wi,wa) [ (w1, w2) € G X G, (w1,W2) = (y1,Y2)} = @(1a(Y1,Y2))

= sup{pa (w1, w
and
@(val(x1,%x2)(y1,y2) (x1,x2) 1)) = inf{va (w1, wa) | (w1, w2) € G x G, @(wi, wa) = (x1,%2)(y1,Y2) (x1,%2) '}

= inf{va (w1, wa) | (Wi, W2) € G x G, @(w1,wa) = @(ur, u2)@(wi, wa)@((ur,uz) 1)} = inf{va (wi,wa) | (Wi, ws) €
G x G, @(w, W) = @((ug,uz)(wi, wa)(ug, ug) 1)}

= inf{va ((ur, ug) (Wi, wa) (ur,u2) ™) | (Wi, wa) € G x G, @((ur,uz)(wi, wa)(ur, uz) ™) = (y1,y2)}

= inf{va (w1, wa) | (W1, w2) € G x G, (w1, w2) = (Y1,Y2)} = ©(Va(Y1,Y2))

SO
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@(A)(x1,%2) (Y1, Y2) (x1,x2) 1) = (@ (1A (x1,%2) (Y1, Y2) (x1,%2) 1)), @(VA (x1,%2) (Y1, Y2) (x1,%2) 1))
= (@(ra(y1,y2)), (valyr,y2)))
©(A)(Y1,Y2))

Then @(A) € NIFSDPN(H x H). O

Proposition 3.23. Let H x H be a group and B = (ug, vg) € NIFSDPN(H x H). Suppose that ¢ : G x G —
H x H be a homomorphism. Then ¢ ~(B) € NIFSDPN(G x G).

Proof. From Proposition 3.21 we get that @ ~*(B) € IFSDPN(G x G). Let (x1,%2), (y1,Yy2) € G x G then

(@((x1,%2) (y1,y2) (x1,%2) 1))
((x1,%2)@(y1,y2) @((x1,%2) 1))

@ M) ((x1,%2) (Y1, y2) (x1,%x2) 1) = (
(
(p(x1,%2)@(y1,y2) @~ ' (x1,%2))
(

and
@ 1 (ve)((x1,%2) (Y1,Y2) (x1,%2) 1) = vB(@((x1,%2) (Y1, Y2) (X1,%2) 1))

= vg(@(x1,%x2)@(y1,y2)@((x1,%2) 1))
=ve(@(x1,%2) (Y1, y2) @ " (x1,%2))
=ve(e(y1,yY2))
= ¢ (v8)(y1,Y2)

Thus

@ 1 (B)(x1,x2) (Y1,Y2) (x1,%2) 1) = (@ () (x1,%2) (Y1, y2) (x1,%2) 1), @ 1 (vB) (x1, X2) (Y1, Y2) (X1, %2) 1))
= (¢ (1) (Y1,u2), @ ' (vB)(Y1,Y2))

=@ ' (B)(y1,y2).
Then @' (B) € NIFSDPN(G x G). O

Proposition 3.24. Let A = (ua,va) € IFSDPN(G x G) and B = (ug,vg) € IFSDPN(G x G) such that
Ap» B.If ¢: G x G — H x H be a homomorphism, then @(A) » ¢@(B).

Proof. As Proposition 3.20 we obtain that @(A) € IFSDPN(H x H) and ¢(B) € IFSDPN(H x H). Let
(x1,%2), (Y1,y2) € Hx H and (ug,us), (vi,v2) € G X G then
@(ra)((x1,x2) (Y1,Y2) (x1,%x2) 1) = sup{pa(z1,22) | (z1,22) € G x G, (21, 22) = (x1,%2) (Y1, Y2) (x1,%x2) 1}
= sup{pa (w1, u2)(vi, vo) (ur, u2) ™) | (w1, u2), (vi,v2) € G x G, @(u1,us) = (x1,%2), @(v1,v2) = (y1,Y2)}

> sup{T(pa (vi,va), up (U1, u2)) | @(ug, uz) = (x1,%2), @(v1,v2) =y}
= T(sup{pa (vi,v2) | (y1,Y2) = @(v1,v2)}, sup{pp (w1, uz) | (x1,%2) = @(ug,uz)})
= T(e(ra)(y1,Y2),
Also
O(va)((x1,%2) (Y1, 2) (x1,%x2) ™) = inf{va (z1,22) | (z1,22) € G x G, @(z1,22) = (x1,%2) (Y1, Y2) (x1,x2) "'}
= inf{va ((uy, ug)(vi, vo) (ur, uz) 1) [ (ug,uz), (vi,v2) € G x G, @(ur,uz) = (x1,%2), @(v1,v2) = (y1,y2)}

(1) (x1,%x2)).
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< inf{S(va (vi,ve), v (w1, u2)) | @(ur, uz) = (x1,%x2), @(v1,v2) = y}

= S(inf{va (vi,v2) | (y1,Y2) = @(v1,vo)},inf{ve (w1, uz) | (x1,%2) = @(ur,u2)})
=S(e(va)(y1,yz2), @(ve)(x1,x2)).

Then

(P(A)(XhX2)(91792)(X1,X2)_1) = ((P(HA)(XhX2)(UlaU2)(X1,X2)_1), (P(VA)(Xl,X2)(1J1,y2)(X1,X2)_1))
2 (Tle(ra)(y1,y2), @(uB)(x1,%2)), S(@(va)(y1,y2), @(ve)(x1,x2))).

Therefore @(A) » @(B). O

Proposition 3.25. Let A = (ua,va) € IFSDPN(H x H) and B = (ug,vg) € IFSDPN(H x H) such that
Ap» B.If : G x G — H x H be a homomorphism, then @ *(A) » ¢ (B).

Proof. Proposition 3.21 gives that ¢ ~'(A) € IFSDPN(G x G) and @ !(B) € IFSDPN(G x G). Let (x1,%2), (y1,y2) €
G x G then

Al@((x1,%2) (Y1, Y2) (x1,x2) 1))
Al@(x1,%2)@(y1,Yy2) @ ((x1,%2) 1))
(o

@ 1 (a) ((x1,%2) (Y1, Y2) (x1,%2) 1) = 1
i
ua (@(x1,x2)@(y1,y2) o~ 1(X17X2))
T
T

WV

(ta(@(y1,y2)), u(@(x1,%2)))
(@ ' (ra)(Y1,Y2), @ H{up)(x1,%2))

and
@ Hva)((x1,%2) (Y1, y2) (x1,x2) 1) = va(@((x1,%2) (Y1, Y2) (x1,%2) 1))
=va(@(x1,x2)@(y1,y2)@((x1,%x2) 1))
= val@(x1,%2) @Y1, Yy2) @ ' (x1,x2))
<S(vale(yr,y2)), vele(xi, x2)))
=S(@ ' (va)(y1,Y2), @ (ve)(x1,%2))
thus
@A) ((x1,%2) (Y1, Y2) (x1,%2) )
= (@ M (rA)((x1,%2) (Y1, Y2) (x1,%2) 1), @ H(va) (%1, %2) (Y1, y2) (x1,x2) 1))
O (Tl Hpa)(Y1,y2), @ M (1e) (x1,%2)), S(@ T (vA) (Y1,Y2), @ (ve) (x1,%2)))
and then @ '(A) » @ 1(B). O
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